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Abstract: Present paper demonstrate some fixed point results for rational contractions in G-
metric space. Our outcomes extend and generalize various famous results in the literature.

1. INTRODUCTION
Fixed point theory has been an exciting research area for long. It is exceedingly developed and

still prospering under a number of new domains. Encouraged by the fact that metric space theory
has wide-ranging applications not only in mathematics but in the other area of quantitative
sciences, numerous researchers have focused extensive attention to extend the concept of a
metric space. In 2006, Mustafa and Sims[3] initiated an innovative description of the generalized
metric by introducing G-metric spaces. Literature on G-metric space has developed a lot in
recent time and so many fixed points results on G-metric space appeared [1-2, 4-7]. We are
presenting some fixed points results of rational contraction in G -metric space.

2. PRELIMINARIES

In 2006, Mustafa and Sims[3] initiated an innovative description of the generalized metric by
introducing G-metric spaces. They revealed that most of the outcomes relating to D-metric space
are unacceptable. Literature on G-metric space has developed a lot in recent time and so many
fixed points results on G-metric space appeared.

Definition 2.1 [3] A mapping G: I X II X IT - [0,0) on a non empty set II, satisfies the
following properties for every p, g, », a € II:

(G-1)  G(p,g,r)=0 ifandonlyif p =g =r,
(G-2) 0<G(p p a) withp * g,

(G-3) Gwp.pa) < Gpa,r) with g+ r,
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(G-4) G(p,q,7) = G{n(p,r,q)}, where m is a permutation,

(G-5) Gpar)<Gpaa)+ilaqg,r).

The function G is described as generalized metric on IT and the pair (IT, G ) is known to be G-
metric space.

Example 2.2[3] Consider (I1,G) be a metric space and mapping G:II X IT X IT — [0, c).

Define g(p, q, ,,/v) — d(ﬂ%)+d(24~)+d(4ﬂ’p)

, then (I1, G ) is a G-metric space.

Definition 2.3[3] A G-metric space is symmetric if G (p,q,9) = G(q, p, p), for every p,q € I1.

Definition 2.4[3] A sequence {p,} in ITis known to be G-convergent to u € IT if for every € >
0, there always occur a positive integer n, so that G (p,, pm, 1) < €, forevery m,n > n;.

Proposition 2.5[3] In a G-metric space following outcomes are identical:

1. {p.} is convergent,
2' g (ﬁn;#?nru) - 0 as n — o,
3. G (ppu,u) >0 as n - oo,

Definition 2.6[3] A sequence {p,} in IT is known to be G-Cauchy if for every € > 0, there
always occur a positive integer n, so that G (P, Pm. #m) < €, for every m,n > n,,.

Proposition 2.7[3] In a G-metric space, following outcomes are same:

1. sequence {p,} is Cauchy,
2. for any € > 0, there always occur a positive integer n so that
G(Pn P 1) <€ foralln,me .

Definition 2.8[3] A G-metric space is called complete if every G-Cauchy sequence is convergent
inI1.

Proposition 2.9[3] In a G-metric space, following results hold for every p,q, 7, a € I1:

1. ifG(p,qg,7) =0, then p =qg =r,
2 S@par)<Ggppa)+G@ppr),
3. @ a.a) <2G(q,p p)

4 G@par)<Gpar)+glaqr),
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5. §p.a7) <26 aa) +64,aa) +Gir aa)}

Proposition 2.10[3] In a G-metric space, following results are identical:

1. (I1,G ) is symmetric,
2. S@p.ar)<Gpagw)+§lragu),
3. $@.a.a)<G@p g w)

3. MAIN RESULTS

Theorem 3.1: Consider (I1,G) be a complete G-metric space and let I be self-mapping on II
satisfying the following conditions

o~ o~ o~ < ]
§R#,34,37) < ©G(p-gq,7) + §».3a,3M)+6(a.32.32)

for every p.q,» € M with G(p,3q,3I7) + G(q,3p,3Ip) # 0and &, ¥ € R* with
® 4+ ¥ < 1. Then 3 has a unique fixed point.

Proof: Let p, € I1 be an initial point and {p,,} be a sequence in § and we can choose p, in Il
such that

P1=S3p0, P2 = 3IP1 - Pns1 = 3P, foreveryn € V.

Now
g(;’w Pn+1 #747,+1) = g(Spn—lt Sén/nf Spﬂn)
= q)g(#?/n—lr Pn gf’fn)
g(??/n—l' SZDn—lr Spn—l)g(p/n—ll Sp/n' Sﬂgfn) + g(ﬁ/n' anr an) (Wnr Sﬂjn—l' Spn—l)
g(pn—lt Sén/n' Sén/n) + g(#’n' Spn—li S}?n—l)
<® GPun-1,Pn Pn)Where = &+ ¥ < 1.

+¥

g(ﬂ?ﬂm Pnr+1s 3041+1) < ea g(pn—lf Pn ﬁ/n) S@Z g(ﬂgn—Z' Pn-1, pn—l) <

eGP0, 1 1) 2)
Thus for every m,n € V', m < n, we have
GPu P Pm) S G P Prs1r Prns1) T GPnsts Prvzs Prv2) T oo+ G Pm—1s Pos Pon)

<®" G(po, 1, £1) T+ G0, 1. 21) + - B G0, 1, £1)
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"
=Eg(ﬂao;ﬂ91;ﬂ91)—>oasm,/n—>oo_ (3)

Thus {p,, }is a Cauchy sequence. Completeness property of (I, G) enables us to get a point 7 €
I1

so that ¢1Ll_r>rgo Pn=T

We want to show that point It = 7. Assume this is not possible and there is p € IT such that
G(1,37,371) = p.

p=G(030,30) S G(TPn11 Pn+1) + @041, 3T,37) = G(T, Prs1, Pnsa) +

G@Bpu, 31,37)

G PnS3Pn3P0)G (P 3TID+G(ETITING(T.3p0.3p0)
Y -~ p— 4)
GPnSITID+G(T,Ip0,IPn)

< g(‘[, Prn+1 pn+1) + q)g(#?/wtf T) +

Proceeding limit as n — oo we haveG(z, 31, 37) < 0, which is not possible. p = 0.
Hence, we have 37 = .

Uniqueness: Let t* be a one more fixed point of 3 and such that t* # 7. Then
G(r,t5,1t") = G(37, 37", 37%) < PG(7, 7" ,7°) +
G(t.,31,31)G (., 3IT* , I )+G(r* ,I° It )G (" ,IT,I7T)
¥ ()
G(T.,37t* ,37* )+G(t* ,37,37)

And
G(t,31,30)G(7, 3% ,3t* ) + G(t*, 3%, Jt* )G (t*, 31, 37)

.,7°, 7)< o G(r, 5T )+ ¥ — ——
4 ) g( ) G(t,3t*,37t*) + G(t*,31,371)

< oG(T, T, T").

A contradiction, therefore 7* = 7. Hence uniqueness follows.
Corollary 3.2 Consider a function J: IT — IT in a complete G-metric Space (I, G) satisfying the
following conditions for any n € V':

o~

G&"p,3"q,3"r)

< ®oG(p.q,7)

N LPQ @ 3"p,3"p)G(p,3"q,3"r) + G(4,3"4,3"r)G(q,3"p,3" p)
G, 3%q,3"r) + G(q,3"p,3"p)

(6)

for every p.q,» € M with,G(p,3"q,3"r) + G(¢, 3" p,I"p) #+ 0 and &, ¥ € R* with

® + ¥ < 1. Then J has a unique fixed point.
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Proof: By last result T € IT so that 3"t = 7.

Now G (7, 37, 37) = G(I"71,33"1, II"1) = G(I"71, I"I1, I"3I71)
G(1,3"1,3"1)G (7, 3" 31, I"JI7) + §(I7,I"JI7,I"I1)G(I7,3"1, 3" 1)

< dG(1.37,371) + ¥

G(1, 331, 3"*3I7) + G(I71,I3"7, I"7)
< ®G(t.37,37)., a contradiction.
Hence 3t = t and mapping J has a unique fixed point.

Theorem 3.3: Consider a function 3: I1 — ITin a complete G-metric space (I, §) satisfying the
following condition

)+ W G(3,3q,3)[1+G(p,3p.3p)] G(3,34,31)+G(r,3p.3p) @)

N N, N <
§R9.34,37) < ©G(2.9, 145G 146334306 37.57)

forevery p.g,» €1l and ®, ¥, € R* with ® + ¥ + T < 1. Then 3 has a unique fixed point.

Proof: Let p, € I1 be an initial point and {p,,} be a sequence in ITand we can choose p, in Il
such that

P1=S5pP0, P2 = IP1 - Pns1 = 3P, fOreveryn € V.

Now
g(ﬂ—"w Pnr+1s #747,+1) = Q(Spn—li Sén/nf Sﬁn)
g(ﬂgw Sp/n' Sﬂgn)[l + g(ﬂgn—lr Spn—lr Spn—l)]
S OG(Pu-1, P ) + ¥
g PP 1 +g(ﬁn—1ﬂp/w;’/n)
g(fp/w Sﬁn, Sﬁn) + g(ﬁ/w Sﬁn—lﬂ Spn—l)
1+ g(p/n' Sﬂgfn: Sﬂgfn)g(ﬂgnr Spn—l' Sﬂgn—l)

+T

g(ﬁnr Prn+1r ZDn+1) < dDQ(gan_l, P ﬂgfn) + ‘Pg(ﬂgnr Pn+1r Wn+1) + Fg(ﬂgn: Pn+1r Wn+1)
(<)
g(#?/n» #747,+1»g—’7fn+1) <o g(én/n—lﬂ Pn pn) where @ = PR, <1l

By applying the same argument as discussed in (2) and (3) of the result 3.1, we can show that
{p,.} is a Cauchy sequence. Completeness property of (I1, G) enables us to get a point 7 € I1
so that lim p,, = .

71— 00

We want to show that point 37 = 7. Assume this is not possible and there isp € IT such that
G(1,31,31) =p>0.
p =G 30,30G(T, Pur1 Pn+1) + G @n+1,30,37) = G(T, i1, Parr) + G8pn, 37, 37)
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GEITIDVM+G(PnSPnSpn)] §@3ITIDN+G@TIpnSPn)
S g(rl p%-ﬁ-l' pn+1) + q)g(ﬂ?/n‘[’ T) + LIJ 1+g(37/ru7::r) + 1+§(T,ST,3T)Q(T,3;9”,339%) (8)

Proceeding limit as n — oo we have p = G(7, 37, 37) < 0, which is not possible. So p = 0.
Hence, we have 37 = 1.

Uniqueness: Let t* be a one more fixed point of 3 and such that t* # 7. G(z,7",7") =
Q(ST, S+, 3‘[*) < d)Q(T, o ) Ty (537" ,3t*)[1+6( 1,31,37)] G(t*,37,31)+G(t%,37,37) ( )

1+G(t,7* ,7*) +T 14+G(*,37%3t*) G (T*,37,37T)
applying preposition 2.9, we have
G.(t, 7", ") <oG(r,t5t)+TIG(t*, 75 1) < (@ +2I)G(r, 7%, 7%)

A contradiction, therefore * = 7. Hence uniqueness follows.

Corollary 3.4: Consider a function 3: IT — IT in a complete G-metric space (I, §) satisfying the
following condition for any n € IV

"g,3")[1+6(p.3"p.3" )]

1+G(p.q.7) +

G(3"p, 3"q,3"r) < BG(p, g, ) + ¥

Gq,3"33")+G(r 3" p3"p)
1+G(q,3"g,3"r)G(r,3"p,3"p)
forevery p.g,» €Il and ®,¥,I € R* with ® + ¥ + T < 1. Then 3 has a unique fixed point.

Corollary3.5: Consider a function J: IT — ITin a complete G-metric space (I, §) satisfying the
following condition:

G(3,39,3N[1+G(p.3Ip,3p)]
1+6@p.q,7)

G§8p,39,3r) <PG(p, g, ) +V¥

forevery p.g,» €1l and ®,¥ € R* with ® + ¥ < 1. Then I has a unique fixed point.
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